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Chinese Remainder Theorem

Theorem

Let 14,19, -, n, be positive integers such that gcd(n;,n;) = 1 for
© # j. Then the system of linear congruences

x = aj (modny)

x = ag (mod ny)

x = a, (modn,)
has a simultaneous solution,
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Proof of Chinese Remainder Theorem

Proof: Let n = niny---n,. Foreach k =1,2,--- ,r, let N, = IZ—;
Since ged(n;,n;) =1 for i # j, gcd(Ny, ny) = 1 for each
k=1,2,---r.

= The linear congruence N,z = 1 (modn;) has a unique
solution, say .

Let 7 = a; Nizy + aaNoxy + -+ - + a, N, z,.

Note that V; = 0 (mod ny) for i # k. (" ng | N; for i # k).

= a;N;x; = 0 (mod ny,) for i # k.

= T = aipNgxr (modny) for k =1,2,--- .

= T =a,(modny) for k =1,2,--- r. (. Nyzr, = 1 (modny).)
= I is a solution of the given system of linear congruences.
Now we prove that 7 is unique solution of the given system of linear
congruences modulo 7.
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Proof of Chinese Remainder Theorem

Suppose that 7 is also a solution of the given system of linear
congruences.

Then y = a; (modny) for k=1,2,--+ 1.

= z=y(modnyg) for k=1,2,--- r. (" & = a, (modny))
= n|(Z—79)fork=1,2-- r.

But ged(n;,n;) = 1 for i # j.

= mng---n, | (T — 7).

= n|(Z—17).

= T =g (modn).

Hence the given system of linear congruences has unique
simultaneous solution modulo n = nyns - - - n,.
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-
Example

Example

Solve the system of linear congruences:
x=1(mod3), z =2 (modb), x =3 (mod7).

Solution: Let n =3 -5-7 = 105.

Let N1 Q = 35 N2 ﬁ =21 and N3 = 15.

The linear congruences 35z = 1 (mod 3), 21x = 1(mod?5),

152 = 1 (mod 7) are satisfied by x; = 2, x5 = 1, x3 = 1, respectively.
Takez =1-35-2+2-21-143-15-1="70+42+ 45 = 157,
But = 157 = 52 (mod 105).

Hence 52 is the required solution of the given system of linear
congruences.
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Thank You!
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